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a b s t r a c t
In this paper, two sharp inequalities are derived. The first is a sharp Simpson inequality and
the second is a sharp inequality of Ostrowski type in two independent variables.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In a recent paper [1], Ujević has proved the following two sharp inequalities of Simpson type and Ostrowski type in one
variable:













∣∣∣∣ ≤ (b− a)3/26 √σ(f ′) (1)
where σ(·) is defined by








Inequality (1) is sharp in the sense that the constant 16 cannot be replaced by a smaller one.
Theorem 2. Under the assumptions of Theorem 1, for any x ∈ [a, b], we have∣∣∣∣(b− a)f (x)− (x− a+ b2
)




∣∣∣∣ ≤ (b− a)3/22√3 √σ(f ′). (2)




cannot be replaced by a smaller one.
On the Simpson inequality and Ostrowski inequality, we refer the reader to [2–12]. In this paper, we derive two sharp
inequalities in two independent variables. The first is a sharp Simpson inequality and the second is a sharp inequality of
Ostrowski type in two independent variables.
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2. Simpson’s inequality
First we define the following functional:





f (s, t)g(s, t)dsdt − 1












T (f , f ) = ‖f ‖22 −
1









σ(f ) = T (f , f ). (3)
Theorem 3. Let f : [a, c] × [b, d] → R be an absolutely continuous function, whose partial derivative of order 2 is f ′′ ∈





f (s, b)+ 4f (s, b+d2 )+ f (s, d)] ds









b f (s, t)dsdt
(c − a)(d− b)
∣∣∣∣∣





where σ(·) is defined by (3). Inequality (4) is sharp in the sense that the constant 136 cannot be replaced by a smaller one.







t − 5b+ d
6
)
for a ≤ s ≤ a+ c
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t − b+ 5d
6
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≤ s ≤ c, b+ d
2
≤ t ≤ d.




























































t − b+ 5d
6
)
f ′′(s, t)dsdt. (5)
Integrating by parts, we get
1





K(s, t)f ′′(s, t)dsdt = f (a,
b+d
2 )+ f ( a+c2 , b)+ f ( a+c2 , d)+ f (c, b+d2 )+ 4f ( a+c2 , b+d2 )
9













b f (s, t)dsdt
(c − a)(d− b) . (6)
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f ′′(s, t)− 1


















f ′′(s, t)− 1


































From (6) to (9), we easily get (4).
We now show that (4) is sharp. We define the function















for 0 ≤ s ≤ 1
2
























































≤ s ≤ 1, 1
2
≤ t ≤ 1.
This function is absolutely continuous. We now suppose that (4) holds with a constant C > 0,∣∣∣∣∣ f (a, b+d2 )+ f ( a+c2 , b)+ f ( a+c2 , d)+ f (c, b+d2 )+ 4f ( a+c2 , b+d2 )9 + f (a, b)+ f (a, d)+ f (c, b)+ f (c, d)36
−
∫ c
a [f (s, b)+ 4f (s, b+d2 )+ f (s, d)]ds
6(c − a) −
∫ d





b f (s, t)dsdt
(c − a)(d− b)
∣∣∣∣∣
≤ C[(c − a)(d− b)]1/2√σ(f ′′). (10)
Choosing a = b = 0, c = d = 1, we get that the left hand side of (10) is 1
362
, and the right hand side of (10) is C36 . Hence
we find that C ≥ 136 , proving that the constant 136 is the best possible in (4). The theorem is proved. 
3. Ostrowski’s inequality
Theorem 4. Let f : [a, c] × [b, d] → R be an absolutely continuous function, whose partial derivative of order 2 is f ′′ ∈









f (s, y)ds− (c − a)
∫ d
b











σ(f ′′), (x, y) ∈ [a, c] × [b, d] (11)
where σ(·) is defined by (3). Inequality (11) is sharp in the sense that the constant cannot be replaced by a smaller one.
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Proof. We define the mapping
K(x, y; s, t) =

(s− a)(t − b) for a ≤ s ≤ x, b ≤ t ≤ y
(s− a)(t − d) for a ≤ s ≤ x, b ≤ t ≤ y
(s− c)(t − b) for a ≤ s ≤ x, b ≤ t ≤ y
(s− c)(t − d) for a ≤ s ≤ x, b ≤ t ≤ y.

























(s− c)(t − d)f ′′(s, t)dsdt. (12)








− (c − a)
∫ d
b





f (s, t)dsdt. (13)






















b K(x, y; s, t)dsdt








(c − a)(d− b)
]
dsdt












f (s, y)ds− (c − a)
∫ d
b





f (s, t)dsdt. (15)










b K(x, y; s, t)dsdt

















b K(x, y; s, t)dsdt

















b K(x, y; s, t)dsdt













(c − a)(d− b)
∥∥∥∥∥
2







(c − a)(d− b) . (18)
From (15) to (18), we easily get (11).
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We now show that (11) is sharp. We define the function











t2 − t + y
)
for 0 ≤ s ≤ x, y < t ≤ 1(
1
2

















≤ s ≤ 1, 1
2
≤ t ≤ 1.









f (s, y)ds− (c − a)
∫ d
b







≤ C((c − a)(d− b))3/2√σ(f ′′), (x, y) ∈ [a, c] × [b, d]. (19)
Choosing a = b = 0, c = d = 1, and f defined by the above, and x = y = 1, we get that the left hand side of (19) is 7144 ,
and the right hand side of (19) is C
√
7
12 . Hence we find that C ≥
√
7
12 , proving that the constant
√
7
12 is the best possible in (11).
The proof is completed. 
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